Using the de Sitter/CFT correspondence we describe a scenario of holographic inflation which is driven by a three dimensional boundary field theory. We find that inflationary constraints severely restrict the β-function, the anomalous dimensions and the value of the C-function of the boundary theory. The scenario has model independent predictions such as ǫ << η, n T < 0.04, P tensor /P scalar < 0.08 and H < 10 14 GeV . We consider some simple boundary theories and find that they do not lead to inflation. Thus, building an acceptable holographic inflation model remains a challenge. We also describe holographic quintessence and find that it closely resembles a cosmological constant.
Introduction
Inflation is the only paradigm for the early universe that agrees with a large number of cosmological observations (such as the COBE and BOOMERANG data etc. [1] ) and solves the problems associated with the Big Bang cosmology [2, 3, 4] .
Thus it is quite important to build models of inflation especially those with predictions that can be tested in the future. On the other hand, inflation is a gravitational phenomenon and therefore should be related to the holographic principle which is believed to be one of the fundamental principles of the true theory of gravity [5] .
Therefore, we expect that inflation could in principle be described holographically, i.e. in terms of a three dimensional field theory that lives on the boundary of the (inflating) universe.
Recently, a holographic duality between de Sitter space-time and a CFT living on the boundary of the space was conjectured [24] . There is a large amount of circumstantial evidence for this conjecture [24] [25] ; however it is also plagued by some serious problems such as the nonunitarity of the boundary field theory and the lack of a definition of time evolution on the boundary. In this paper we simply assume that the conjecture of the dS/CFT correspondence is correct. According to this correspondence a massive scalar field in the bulk corresponds to an operator in the boundary theory with an anomalous dimension (proportional to the bulk mass for small masses). In addition, time evolution in the bulk corresponds to an RG flow from the IR to the UV on the boundary [13] . The radius of the de Sitter space which is related to the vacuum energy is inversely proportional to the central charge of the boundary CFT. In [8, 9] it was shown that the dS/CFT correspondence can be generalized to asymptotically de Sitter space-times. In these cases the boundary theories are field theories with nonzero β-functions which flow to a fixed point.
A well-known example of a nearly de Sitter space is the universe during inflation. Thus the dS/CFT correspondence can be used to analyze and possibly build new, holographic models of inflation. In this context, the inflating universe in four space-time dimensions is holographically dual to a boundary field theory in three Euclidean dimensions. The inflaton field in the bulk, φ corresponds to an operator O in the boundary theory. The nonzero inflaton potential is related to the (finite) value of the C-function of the boundary theory. The slow-roll of the inflaton down its potential is described by a small β-function. The very early times during which the universe undergoes inflation correspond to the far IR on the boundary.
In fact one can make this correspondence more precise. Recently it was shown that the slow-roll parameters of inflation ǫ and η are completely fixed by the β-function and γ O ,the anomalous dimension of O [26] . Then slow-roll inflation simply requires β, γ << 1 on the boundary field theory. However a successful model of inflation should also give at least 60 e-foldings and produce the correct magnitude of density perturbations. In this paper we translate these constraints into the language of the boundary theory and show that they strongly constrain the possible β-functions and values of the C-function. The only constraint on the anomalous dimension of O comes from the slow-roll condition. We show that in principle these constraints can be satisfied by three dimensional Euclidean boundary field theories which would constitute models of holographic inflation. However in practice this turns out to be more difficult; we give a couple of examples of boundary field theories and show why they fail to produce acceptable models of inflation in the bulk. Construction of a working model of holographic inflation remains a challenge.
We find that the holographic inflation scenario has some model independent predictions. First, if we demand that the boundary theory remain perturbative near the IR fixed point (in order to be calculable) we find H < 10 14 GeV during inflation. It is amusing that this is exactly the upper bound obtained from COBE data. Second, combining this with the observed magnitude of density perturbations gives the upper bounds ǫ < 0.02, P tensor /P scalar < 0.08 and |n T | < 0.04. Thus holographic inflation predicts a nearly scale invariant tensor component of density perturbations which is more than an order of magnitude smaller than that of the scalar component. The tilt (scalar index), n S , depends on the anomalous dimension of O and therefore is much less restricted. However, another robust prediction of the scenario is ǫ << η which means that the deviation from scale invariance is much larger for scalar perturbations than for tensor perturbations. Third, the bounds on ǫ, n T and P tensor /P scalar are proportional to H 2 /M 2 P ; thus the lower the scale of inflation the stronger the bounds.
Models of holographic inflation correspond to bulk scalar potentials which cannot be obtained by other methods. The form of the potential is exponential but not derivable in e.g. supergravity; moreover the bulk potential contains small numerical factors which look like fine tuning. On the other hand, from the boundary point of view these small numbers are very natural and arise as one-loop coefficients of β and γ functions. It is precisely these small numbers that allow for acceptable inflation that satisfies all constraints. Thus holography through the dS/CFT correspondence seems to generate and stabilize these unnatural potentials which lead to inflation. We also show that the same ideas apply to holographic quintessence.
However, in this case the observational bounds can only reproduce the slow-roll condition. The only prediction of holographic quintessence is (assuming a perturbative boundary theory) an ω very close to −1, i.e. a behavior very close to a cosmological constant.
The paper is organized as follows. In the next section we describe the basics of holographic inflation including all the inflationary constraints on the boundary field theory. In section 3 we describe a couple of possible scenarios with examples and discuss the corresponding bulk potentials. In section 4 we describe holographic quintessence. Section 5 contains our conclusions and a discussion of our results.
Holographic Inflation
In this section we describe the holographic inflation scenario which utilizes the holographic field theory dual of the inflating universe to drive inflation instead of the usual inflaton potential.
Consider the universe with the Robertson-Walker metric
Inflation corresponds to an almost time-independent Hubble constant H = a(t)/a(t) which is equivalent to an exponential scale factor a(t) ∼ e Ht . In its simplest version, inflation can be realized by the nonzero vacuum energy of a single scalar inflaton field with potential V (φ) and equation of motion
where H 2 = V /3M 2 P . In order to have (slow-roll) inflation, V (φ) has to be very flat. More concretely, V (φ) has to satisfy the slow-roll conditions
The above conditions severely constrain the form of the scalar potential V (φ).
Another constraint on V (φ) arises from the requirement for (at least) 60 e-foldings during inflation
Here φ i is the initial value of the inflaton whereas φ c is its critical value determined by the end of slow-roll (or inflation) which occurs when ǫ(φ c ), η(φ c ) ∼ 1. In addition, the inflaton potential should also satisfy the constraint arising from the COBE observations of the density perturbations
One can also measure the power spectrum of the scalar component of the density perturbations arising from the quantum fluctuations (δφ ∼ H/2π) of the inflaton
The tilt of the spectrum is given by n S = 1 − 4ǫ + 2η. The scalar component of the density perturbations is not scale invariant due to the (very weak) time dependence of the inflaton potential. The deviation from scale invariance is parametrized by n S − 1. Similarly one can define the power spectrum of the tensor component of density perturbations arising from fluctuations in the graviton
where n T = −2ǫ. Finally one can measure the ratio of powers of the scalar and tensor components r = P tensor P scalar = 4ǫ (8) whose value is a signature of a particular model of inflation.
The aim of inflationary model building is to find a scalar (inflaton) φ with a suitable potential V (φ) which satisfies the four constraints in eqs. (3)- (5). Then, such a model would make predictions about P scalar , n S , P tensor and n T which can be checked by observations. In the last twenty years every possible microscopic potential derived from models of high energy physics has been used for inflation [27] .
A property common to all of these trials is the fact that inflation is driven by scalar fields that live in the four dimensional inflating universe. On the other hand, nowadays it is widely believed that holography is a fundamental priciple of the true theory of quantum gravity [5] . According to the holographic principle, the inflationary bulk (gravitational) physics should be described by a nongravitational theory on the boundary of the space-time.
The de Sitter/CFT correspondence [24] which was recently proposed is precisely what is needed for a holographic description of inflation. According to the dS/CFT correspondence physics in the de Sitter bulk can be described by an Euclidean CFT on the (future or past) boundary of de Sitter space. In addition to the asymptotic symmetries of the space there is a large amount of circumstantial evidence in favor of this duality. (For a critisism of the correspondence see [28] .) Thus, in this context the four dimensional de Sitter space is described by a three dimensional Euclidean field theory at a fixed point. However, inflation does not exactly correspond to de
Sitter space since it eventually ends whereas de Sitter space is eternal. In other words, during inflation the Hubble constant is not time-independent but changes slowly. In the boundary theory, this corresponds to a perturbation of the CFT which takes the theory away from the fixed point. For any inflaton field φ with asymptotic value φ 0 (x) at the boundary (t → +∞ or t → −∞) there is a dual operator O in the boundary theory such that the boundary theory is described by
where the coupling of the perturbation is g = φ 0 /M P . It is easy to see from the metric in eq. (1) that time evolution in the bulk is dual to scale transformations on the boundary with the boundary scale µ ∼ a(t). We see that early (late) times in the bulk correspond to the IR (UV) on the boundary. Thus the slow-roll of the inflaton field is described on the boundary by an RG flow from the IR to the UV described by a small (i.e. << 1) β-function [26] 
When H depends weakly on φ we have a slowly rolling scalar which corresponds on the boundary to a theory with β << 1. As a result of this RG run the operator O obtains an anomalous dimension given by [24, 26] 
where m 2 = d 2 V (φ)/dφ 2 is the mass of the inflaton. We see that a small inflaton mass corresponds to γ O << 1 for the boundary theory. Finally the C-function of the boundary theory is given by [13, 9, 26 ]
Note that as time goes on the inflaton rolls down its potential, i.e. V (φ) decreases with time. According to eq. (12), on the boundary this corresponds to an increasing C-function as we flow from the IR to the UV which is exactly the expected behavior. We see that the C-function of the boundary theory parametrizes (the inverse of) the energy density during inflation in Planck units. COBE data already provides the bound H < 10 14 GeV which by using eq. (12) gives C > 10 8 . This is quite surprising especially since inflation corresponds to the far IR limit of the boundary theory which is not expected to have too many degrees of freedom. On the other hand, C parametrizes the inverse of the inflaton energy density in Planck units. Therefore, if we want to have inflation at an energy scale below M P a large value for C is unavoidable.
Now we would like to find the conditions on the boundary theory which will lead to acceptable inflation in the bulk. For this purpose we need to express the conditions for inflation, in eqs. (3)- (5) in terms of the parameters of the boundary theory. In ref. [26] it was shown that
and
Using eqs. (10-11) and (13) (14) we find that
Thus the slow-roll conditions in eq. (3) correspond to β << 1 and γ O << 1 in the boundary theory.
However this is not enough; we also need to make sure that we get at least 60 e-foldings and the correct amount of density perturbations from inflation. Using eqs. (4) and (10) we find that
where g i (g c ) is the initial (critical) value of the coupling during inflation corresponding to φ i (φ c ). This condition severely constrains the coefficient of the β-function as we will see in the next section.
The constraint coming from the density perturbations becomes using eqs. (5) and (14) δρ ρ ∼ 1 25
Above we saw that COBE data requires C > 10 8 . Using this constraint in eq. (17) we find that β < 1/5 which satisfies the requirement of slow-roll inflation. This in turn results in the upper bound ǫ < 0.02 as a prediction of holographic inflation.
Note that the two constraints in eqs. (16) and (17) involve only β and C but not γ O which is constrained only by the slow-roll condition.
One can also show that in terms of the boundary theory the scalar and tensor components of density perturbations are described by [26] 
Again using β < 1/5 we find |n T | < 0.04 giving an almost scale invariant tensor component of density perturbations. In addition, eq. (8) gives r < 0.08 which means that the power of the scalar perturbations are at least an order of magnitude larger than those of tensor perturbations. Using eqs. (15) and (17) we find that ǫ ∼ 10 6 × (H 2 /M 2 P ). Therefore, n T and r are proportional to the value of the inflaton potential resulting in stronger bounds for lower inflation scales. The tilt n S is not constrained in a model independent manner since it depends on γ O which does not appear in eqs. (16) and (17) . Slow-roll inflation ends when the slow-roll conditions cease to hold, i.e. when β, γ ∼ 1. Thus we expect that during the RG flow from the IR to the UV, at some energy scale the β-function gets large which signals the end of holographic inflation. After this point, the inflaton rolls down its potential fast and reaches the true, stable minimum of the potential. On the boundary this will corrrespond to a large increase in the value of the C-function as the energy scale changes.
Usually, the true, stable minimum of the inflaton potential has vanishing vacuum energy which on the boundary translates to a theory with diverging central charge.
Whether the inflaton oscillates a few or many times about the minimum depends on the ratio m/H near the true minimum. On the boundary this ratio is given by γ near the UV fixed point. Another possibility is for quintessence to follow inflation at very late times. In this case after inflation the vacuum energy is very small but nonvanishing which describes quintessence. On the boundary one will see an RG flow from an IR fixed point towards a UV fixed point with a much larger but finite central charge.
Inflationary Boundary Field Theories
In this section, we consider the constraints arising from inflation on the boundary field theory in terms of β, γ O and C and find that they are in principle easy to satisfy. However, in practice, finding explicit three dimensional field theoretical models that lead to acceptable inflation seems to be hard. The consruction of a working model of haolographic inflation remains a challenge.
For example, assume that the boundary theory in the far IR limit has β(g) ∼ bg 2 . Then from eq. (16) we find that 60 e-foldings require bg i ∼ 1/60. Assuming that this condition is satisfied, the correct magnitude of density perturbations require √ cg i ∼ 10 5 . In principle a theory with b ∼ 10 −1 and C ∼ 10 12 (and g i ∼ 1/6) easily satisfies all these constraints. Note that b has to be somewhat larger than ∼ 1/50 in order for the field theory to be in the perturbative region.
In addition we must assume that γ O << 1 since we cannot say much about γ O without explicit knowledge of the boundary theory. Then a boundary field theory with the above parameters predicts n S ∼ 1 − 2γ O and n T ∼ −10 −5 . For the type of β-function above and assuming that γ ∼ g we get ǫ << η for weak coupling. We find that generically the tensor component of density perturbations is extremely close to being scale invariant. In addition, we find r ∼ 6 × 10 −6 which means that the tensor component of the density perturbations is negligible compared to the of the scalar component. Note that the boundary theory has a very large value for the C-function C ∼ 10 12 which only reflects the energy scale of inflation, i.e.
As an example of a theory of the above type consider the φ 6 theory in D = 3
Here the kinetic term gives L CF T and the interaction term is gO in eq. (9). The interaction is marginally irrelevant at the quantum level. In this case one obtains from the one-loop perturbation theory
As noted in ref.
[] these easily satisfy β << 1 and γ O << 1 in the perturbative regime with g < 1. However, in order to get 60 e-foldings one needs g i ∼ 1.6 which means that there cannot be enough e-foldings in the perturbative theory. On the other hand, the β and γ O are calculated in perturbation theory and therefore this model is not useful for inflation. This example illustrates the importance of the constraints coming from the number of e-foldings and density perturbations.
Another possibility is a field theory with β(g) ∼ ag − bg 2 . This kind of theory has two fixed points; an IR fixed point at g = 0 and a UV fixed point at g = a/b.
In the far IR we are near g = 0 and therefore β ∼ ag. Then, from eq. (16) we find that in order to get enough e-foldings we need g i ∼ e −60a . COBE data can be reproduced if in addition Ca 2 g 2 i ∼ 10 10 is also satisfied. All of the above constraints can be satisifed with a ∼ 10 −1 and C ∼ 10 15 (and g i ∼ e −6 ). Again one needs to assume that γ O << 1. In this case, even though β, γ ∼ g we still find ǫ << η. We find that n T ∼ 10 −8 and r ∼ 4 × 10 −8 which means that the tensor component of density perturbations is again negligible compared to the scalar component and extremely close to being scale invariant. The very large value of C ∼ 10 15 again reflects the energy scale of inflation given by V 1/4 ∼ 10 15 GeV .
As an example of a field theory of the type above, consider the nonlinear σ
where φ 2 i = 1. Since g is dimensionful we define a dimensionless coupling T = g 2 M. This theory has at the one-loop level
We see that there is an IR fixed point at T = 0 and a UV fixed point at T = 2π/(N − 2). The slow-roll conditions near T = 0 require that T i << 1 and
From the previous discussion we find that in order to get enough efoldings we need g i ∼ 10 −30 M −1/2 . The conditon in eq. (17) becomes C ∼ 10 60 which means that the energy scale at which inflation occurs is very low; i.e TeV scale which leads to many problems
We can reconstruct the bulk potential of the inflaton during inflation from the boundary data. Consider a boundary field theory with β ∼ ag n in the far IR (for g << 1) with a << 1. Now using eq. (10) and g = φ/M P we find
where H 0 is an integration constant to be determined. Since holographic inflation takes place in the perturbative regime with g i << 1 and c = 3M 4 P /V > 10 8 we find H 0 < 10 −4 M P which agrees with the upper bound from COBE data. We want to stress that this is the shape of the potential that corresponds only to the inflationary era. Slow-roll inflation ends when β ∼ 1 and then higher order terms in the expansion of β become important and the function β(g) takes a complicated form. Eq. (23) describes an exponential potential which has been known to be problematic for inflation for a long time. This kind of an inflaton potential with n = 1 can be obtained from supergravity. (For n > 1 the potential cannot be obtained in supergravity.) The scalar supergravity potential looks similar to eq. (23) if the scalar has a canonical Kahler potential. In this case it is wellknown that the inflaton mass is about the Hubble constant and therefore slowroll inflation cannot take place. On the other hand, in the above potential the exponent in eq. (23) contains a small numerical factor, a. This is completely unnatural from the bulk (or supergravity) point of view. In fact it cannot happen for canonically normalized fields. However, it is very natural from the boundary point of view since the small number is the coefficient of the beta function which arises at the perturbative one-loop level. We see that a potential that looks like fine tuned from the bulk point of view arises very naturally from the boundary field theory. Holography connects the parameters of the bulk potential to parameters of the boundary theory that arise only at the one-loop level. Another fine tuning (from the bulk point of view) is the energy scale of inflation. COBE data requires H < 10 14 GeV which may look like fine tuning since the natural energy scale for gravity is M P . On the boundary field theory this translates into the very large value of C in the far IR which cannot be easily explained
We can also try to find out how ordinary inflation models look like from the boundary point of view. Consider the simplest case of chaotic inflation with V (φ) = aφ n [29] . Then from eq. (10) we find that for the boundary theory β = −n/g which looks like a nonperturbative result. It is easy to see that other inflationary models with more complicated inflaton potentials will give similar results. Therefore it seems that holographic inflation with a perturbative boundary field theory cannot reproduce any of the known inflation models.
Holographic Quintessence
Any model of inflation can also be a candidate for a model of quintessence with a suitable change of parameters [30, 31] . If we want to apply the above ideas to quintessence we should first point out the differences between quintessence and inflation. First, quintessence occurs at late times, i.e. the far UV in the boundary field theory. This means we need a model with a UV fixed point. Second, the most severe constraints for inflation which are those coming from the number of efoldings and the magnitude of density perturbations do not apply to quintessence.
(Of course, the slow-roll conditions β, γ << 1 should hold for quintessence.) Third, since we know the value of the vacuum energy now to be V ∼ 10 −120 M 4 P , we know the value of the C-function of the field theory, C ∼ 10 120 (which is inverse the vacuum energy in Planck units).
The energy density and pressure of a scalar field are given by
The equation of state is defined as ω = p/ρ. Quintessence corresponds to a scalar with −1 < ω < −1/3 which gives rise to an accelerating expansion of the universe.
It can be shown that ω is related to the β-function of the boundary field theory as
Note that for a cosmological constant ω = −1 and therefore β = 0. This corresponds to the description of de Sitter space by a CFT (field theory at the fixed point). Observations suggest that −1 < ω < −2/3 which can be written as 0 < β 2 < 1. This should be satisifed by the field theory near its UV fixed point if it is to describe quintessence. Since the slow-roll condition is β << 1 we find that the observational constraint on quintessence is automatically satisfied by the boundary theory. Thus we find that for holographic quintessence is not constrained by observations (at least not yet).
Note that a UV fixed point naturally leads to values of ω very close to −1.
Consider for example the second example in the previous section. This theory has β = ag − bg 2 and therefore a UV fixed point at g = a/b. If we want the field theory to be perturbative at (or near) the UV fixed point we demand a < b which for example is satisifed by the three dimensional nonlinear σ model. Then near the fixed point β ∼ (a/b) 2 << 1. Since ω = β 2 /3 − 1 from eq. (26) we find that holographic quintessence mimics a cosmological constant. The quintessence potential in the bulk is again given by eq. (23) which looks very much like the models considered in [30] .
Conclusions and Discussion
In this paper we described the holographic inflation scenario which assumed a generalization of the dS/CFT correspondence to asymptotically de Sitter spacetimes. We found the constraints inflation imposes (such as slow-roll, number of e-foldings and density perturbations) on the boundary field theory and showed that they can be easily realized in principle. However, it is more difficult to find specific three dimensional Euclidean field theories that lead to inflation. Thus, construction of a working holographic inflation model remains a challenge.
Nevertheless, the holographic inflation scenario has some model independent predictions. The demand for a perturbative boundary theory leads to H < 10 14 GeV which is the constraint from COBE. The correct amount of density perturbations can only be obtained if r < 0.08 and n T < 0.04. Thus this scenario predicts a very small amount of tensor component of density perturbations (compared to the scalar component) which is almost scale invariant. In addition, n T and r are proportional to the value of inflationary potential; so a lower inflation scale results in smaller n T and r.
We also found the form of the bulk inflaton potential that corresponds to holographic inflation. These exponential potentials look like fine-tuned from the bulk point of view but naturally arise in the boundary field theory. The small numbers that appear in the bulk potential originate from perturbative one-loop effects on the boundary. One can extend this scenario to quintessence and obtain holographic quintessence. In this case, the demand for a perturbative (UV) fixed point gives an equation of state very close to that of a cosmological constant.
The main assumption of the holographic inflation scenario is the dS/CFT correspondence. Although there is a large amount of circumstantial evidence in favor of this duality, it has a number of serious problems as mentioned in the introduction. It would be nice if the correspondence could be made stronger so that holographic inflation sits on firmer ground. As mentioned above, it is easy to find three dimensional Euclidean field theories which lead to inflation in principle but not in practice. It is important to find at least one boundary field theory that satisfies all of the constraints arising from inflation as an existence proof of the scenario.
This problem may be overcome if one looks for models of holographic inflation with more than one field (such as in hybrid inflation [32] , D-term inflation [33, 34, 35] , Pterm inflation [36, 37] and D-brane inflation [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] ). On the boundary these would correspond to theories with two coupling constants and two operators. In addition, the bulk inflaton fields are not free in these cases which means the connection between the inflaton mass and γ O is not simple. We leave these interesting but more complicated possibilities for future work.
